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A continuum-mechanics approach has been applied to model the mechanical
properties of high density polyethylene (HDPE) filled with differently coated
SiO2 nanoparticles. The tensile yield stress has been predicted with a finite-
element model (FE-model) taking into account the microstructural features, e.g.
matrix, filler content and the interphase formed around the filler. A good agree-
ment between the experimental and modelled data has been found. Additionally,
the FE-model has been compared with a semi-empirical model and an analytical
model with similar input parameters to predict the composite property. It was
found that all models are congruent with respect to solution space.
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INTRODUCTION

Different approaches towards modelling the mechanical properties of
particulate-filled polymers have been pursued in the past. In these
empirical, analytical or discrete models, a large number of parameters
have been related to thermomechanical properties of the composite
material: the individual properties of filler and matrix, such as the
particle size and size distribution; the filler volume fraction; the inter-
phase between filler and matrix; the adhesion between filler, inter-
phase and matrix; the influence of neighbouring particles (e.g.
overlapping stress fields); and the mode of filler-packing. Today, most
models focus on the filler (size, content, distribution) and the inter-
phase to derive the composite properties, as will be shown [1–7].

The Objective of this work is to predict the yield stress of particle-
reinforced polymers by using a finite-element model (FE-model). This
model takes the mechanical properties of the particle, the interphase,
and the matrix into account to derive the yield strength of the com-
posite.

A validation of the FE-model was executed by prediction of the yield
strength of high density polyethylene (HDPE) filled with nanoparti-
cles. Untreated nano-SiO2 has been used as reference filler, while
the same nano-SiO2 with a coating of grafted polystyrene (PS), poly-
methylmetacrylate (PMMA) and polyethylacrylate (PEA) also has
been prepared. It is expected that for both coated and uncoated nano-
particles, an interphase will form around the particles. Due to the dif-
ferent polymers on the filler surface, it is likely that the interphase has
different properties compared to the matrix material.

Comparable Modelling Approaches

The resulting solution space of the FE-model will be contrasted with
models with a similar input parameter set. These models are the
semi-empirical model from Pukanszky et al. [1,2,5,6] and the analyti-
cal, extended van der Poel model by Maurer [7]. The approaches of
these models will be reviewed to allow a better insight of the model
capabilities and their differences with respect to the discrete solution
by FE-modelling.

Empirical Approach
Already in the first empirical models, a distinction was made

between good and no particle adhesion [8,9]. In case of no adhesion,
it was assumed that the filler does not contribute to the strength of
the composite, i.e. no forces are transmitted.
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Therefore, the yield strength of the composite ryc has been described
with the reduced load-bearing cross-section (1� w), according to the
following equation:

ryc ¼ ry0ð1� wÞ ð1Þ

with ry0 being the yield strength of the matrix.
Assuming that w is a power law function of the filler volume content

u, then Eq. (1) yields:

ryc ¼ ry0ð1� aubÞ ð2Þ

The constants a and b have to be chosen, according to particle
geometry and filler distribution. For spherical fillers without adhesion
and failure by random fracture, Eq. (2) can be written in the following
way [9]:

ryc ¼ ry0ð1� 1:21 � u2=3Þ ð3Þ

From Eq. (3), is obvious that the load-bearing cross-section becomes
zero below a filler content of unity. Obviously, the dilemma stems from
the difference in reduced cross-section ð1� wÞ and the filler packing
phenomena. The group around Pukanszky et al. handled this issue
by expressing the reduced cross-section ð1� wÞ with a simple hyber-
bolic formula [1]:

1� w ¼ 1� u
1þ Au

ð4Þ

with A being a constant, describing the filler packing characteristics
and the filler geometry. If A ¼ 2.5, then Eq. (1) becomes with Eq. (4):

ryc ¼
1� u

1þ 2:5 � ury0 ð5Þ

Numerous results have shown that ryc increases with increasing filler
content w, if a reasonable adhesion between filler and matrix exists.
These models with no adhesion have been elaborated for the case of
good adhesion.

From the few existing models [1,10,11] that consider a good
adhesion, the model from the group around Pukanszky seems to be
most widely accepted [1–6]. Therefore, the following explanation
focuses on just this model.

The behavior of the composite yield stress can be described by
modifying Eq. (5). On the one hand, the model consists of a term
describing the reduction in load-bearing section and on the other hand

Models of Properties of Nanoparticle-Filled Polyethylene 83

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



of an empirical, exponential term, taking into account the changes due
to the filler (adhesion, interphase, etc.):

ryc ¼ ry0
1� u

1þ 2:5 � u expðB � uÞ ð6Þ

with ry0 being the yield strength of the matrix, u the filler content, and
B a semi-empirical interaction parameter. Parameter B considers the
boundary interactions at the filler surface, the specific filler surface,
and the mechanical properties of the interphase:

B ¼ ð1þ l � Af � qf Þ ln
ryi

ry0
ð7Þ

The parameter l in Eq. (7) is the interphase thickness, and qf and Af

are the density and the specific surface of the filler, respectively.
The yield strength of the interphase is covered by parameter ryi.

The yield stress ryi of the interphase cannot be determined in all
cases unambiguously, at least from the experimental point of view.
The evaluation of the interphase yield strength is quite verified if it
is below the matrix yield strength. Then, the interphase yield strength
corresponds to the debonding stress of the filler. In case the interphase
is stronger than the matrix a distinction remains difficult.

Approaches to quantify the debonding stress rD have taken place
quite early [12]. The adhesion between matrix and filler and the filler
size have been found to be relevant parameters determining the
debonding stress rD of the particle:

ryi � rD ¼
rT

a
þ C

a

EM �Wmf

r

� �ð1=2Þ
ð8Þ

In this formula the symbols are defined as follows:

rT Thermal pre-stress of the filler due to differences in thermal coef-
ficient of expansion

a Stress concentration factor
EM Elastic modulus of the matrix
Wmf Adhesion energy between filler and matrix
C Constant, depends on matrix-filler system
r Radius of the filler particle

Since the debonding stress also depends on the filler size by a factor
of, r(�1=2), a reduction in filler size is quite beneficial. Then, for nano-
fillers, the yield strength of the matrix is quite often lower than the
debonding stress of the particle.
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Analytical Approach
The composite properties can also be derived by analytical means.

One established method is the solution of the extended van der Poel
model [7,13]. Although this model has been developed for the com-
posite modulus only, the results can be transferred to the yield
strength as well by comparing the resulting stresses at a fixed strain.
Then, the results of the standardized modulus are the same as for the
standardized yield strength, valid for a linear elastic deformation only.

In contrast to other models, e.g. Kerner [14], Takano and Sakanishi
[15,16], this extended van der Poel model also was able to predict the
properties very well for low filler and interphase contents. This makes
the application of the van der Poel model indispensible here, leaving
alone the analytical solution.

The extended van der Poel model consists of a cube, representing
the matrix. Inside, the cube contains a spherical filler enclosed by
an interphase. Schematically, the model is shown in Figure 1.

Due to the imposed loads, the cube is in a rotationally symmetric
stress state. The stress state can be expressed with the following
equations:

rx ¼ ry ¼ �r ð9Þ

rx ¼ 2 � r ð10Þ

rxy ¼ ryz ¼ rzx ¼ 0 ð11Þ

FIGURE 1 The stress state of the extended van der Poel model.
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The stress state distinguishes itself because the sum of the normal
stresses equals zero, and therefore dilatational stresses are non-
existent.

The premises are:

. The composite, the filler, the interphase and the matrix all show
linear elastic behavior.

. There are no vis inertiae.

. The composite, the filler, the interphase and the matrix exhibit
homogeneous and isotropic behavior.

. The composite contains no defects, like cavities, cracks or crazes and
displays no planar sliding, even under deformation.

. The composite is stress-free, if no outer forces are present. This
means that thermal stresses are not present or can be neglected.

Under these premises, a complex system of equations can be
derived. The solutions are too extensive to be quoted here, and the
reader is referred to the source [7].

Experimental

The matrix material HDPE, Type 5000S has been supplied by the Qilu
Petrochemical Industrial Corp., China. The precipitated nano-SiO2

was produced by Zhoushan Putuo Shengxing Nanomaterials Co.
Ltd., China (particle size: 10 nm, specific surface area: 640 m2=g).
The surface treatment of the filler has been described in an earlier
publication in detail [17].

The tensile experiments of the HDPE nanocomposites were carried
out on a universal testing machine Zwick 1474 with a crosshead speed
of 50 mm=min. The shape of the specimen has been in accordance with
DIN 53704. For the evaluation of the Young’s Modulus, tensile clips
were used up to an elongation of 1%. At least three specimens were
tested. The standard deviation in nearly all cases was below 2% and
has not been included to improve the readability of the diagram.

The modulus of the unreinforced HDPE was 1100 MPa, and the
yield strength 26 MPa.

The surface tensions were measured by a K12 surface tensiometer
(Krüss GmbH, Germany) using water, acetone, alcohol and toluene
as the testing solvents.

The molecular weights of the grafting and the homopolymerized
polymers were determined in a Waters 991 gel permeation chromato-
graph (GPC), with tetrahydrofuran as the solvent.
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For solving Eqs. (6) and (7) from Pukanszky et al., the following
parameters have been used: specific surface area A0 ¼ 640 m2=g, den-
sity of SiO2 ¼ 2.15 g=cm3, yield strength of the matrix ry0 ¼ 26 MPa
and interphase thickness l ¼ 8 nm, as verified by TEM measurements
[18].

The extended van der Poel model has been solved with the following
parameters: The modulus of the HDPE EMatrix ¼ 1.1 GPa. The follow-
ing data have been taken from the literature: the modulus of the filler
ESiO2 ¼ 72 GPa, and the Poisson’s ratio of the matrix nMatrix ¼ 0.33,
and the filler nSiO2 ¼ 0.2, while the Poisson’s ratio of the composite
and interphase has been assumed to be nComposite ¼ nInterphase ¼ 0.33.

FE-Model

Several assumptions have been made for the FE-model. First, it is
assumed that the continuum-mechanical approach is still valid, even
though the unit cell size is in the range of the radius of gyration of
the polymer chains and also very close to the particle size. Second, that
a perfect adhesion of the phases exists until the yield point. Third, that
no distinction between the amorphous and crystalline phase of the
matrix is necessary to derive the mechanical response of the com-
posite. In other words, the bulk matrix material is not changed con-
siderably due to the incorporation of the nanoparticles. Fourth, the
interphase possesses a considerably higher yield strength than the
matrix. Fifth, shear yielding is the dominating micromechanical defor-
mation process. This happens in composites containing small parti-
cles, especially since the debonding stress increases rapidly with
decreasing particle size [12].

Figure 2 illustrates the geometry of the 2D micro model used in this
study. Due to the symmetry conditions, one-fourth of the nanoparticle
and the interphase in the matrix was created. The different phases
have been connected by joining the nodes, thus simulating perfect
adhesion. The modelling has been carried out using the FE-software
ANSYS with plane 182 elements (2-D 4-Node structural solid element)
in plane strain mode.

The application of the mechanical load was implemented systemati-
cally in the model. The load was constantly increased until the stress-
strain curve approached the yield point.

The unit cell is subjected to the following loading and boundary con-
ditions. Unit cell displacements in the x- and z-direction are prohibited
for all nodes on the left edge to fulfil the symmetry condition with the
neighbouring unit cells. Further restraints of the nodes on the lower
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edge in y- and z-direction have been applied. External stress is applied
on the unit cell on the upper edge by means of a negative pressure.

For the matrix material, a bilinear material model has been used by
fitting the experimentally evaluated stress-strain behavior of the
matrix.

For this purpose, the engineered, stress-strain data of the matrix
have been converted to true stress-strain data up to the yield point
according to the following formulae:

etrue ¼ lnð1þ eeng:Þ; ð12Þ

and

rtrue ¼ reng:ð1þ eeng:Þ ð13Þ

The interphase and the nanoparticle have been modelled with linear
elastic properties. The moduli of the interphase, the interphase
volume fraction and the filler content are the independent variables
and have been determined by fitting the predicted yield strength with
the experimentally determined yield strength.

The volume fraction of the interphase, which forms around the filler
with the radius r, has been calculated for a simple cubic packing, basi-
cally the same set-up as in Figure 2. The interphase volume fraction n
is calculated from the volume of the interphase, VInterphase, with

FIGURE 2 FE-micromodel of a nanoparticle and the interphase in the matrix
material.
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respect to the size of the cubic unit cell, VUnit–Cell:

n ¼ VInterphase

VUnit�Cell
¼ 1

VUnit�Cell

4

3
� p � ðrþ DrÞ3 � 4

3
� p � r3

� �
ð14Þ

where r denotes the particle radius and (rþDr) the radius of the
interphase.

RESULTS AND DISCUSSION

In a first step, the FE-model capability has been verified by reproduc-
ing the stress-strain behavior of the unfilled material. The experi-
mental curve for the HDPE and the modelled curve are displayed in
Figure 3. The agreement between the curves is very good. The experi-
mental curve of the HDPE displays two typical yield points, one
around 2% of true strain and the second yield point at the peak of
the curve. The first yield point corresponds to a fine slip within the
crystallites and the second yield point to coarse slip of the lamellar
crystallites [19]. Since it was not possible to detect the first yield point
in the filled composites unambiguously, the second yield point was
chosen as representative value of the material. It was also found that
the second yield stress correlates linearly with the lamellar crystallite
thickness [19].

Evidently, the agreement between the experimental and the mod-
elled curve is very good and can be used for modelling the matrix
deformation behavior within the composite. Before taking a look at

FIGURE 3 Experimental and modelled true stress-true strain curves.
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the FE-model capability by comparing the experimental with the
predicted results, the following points should be analyzed:

1. Changes in the bulk (matrix) material due to incorporation of the
filler (e.g., crystallinity, lamellae thickness)

2. Adhesion between filler and matrix
3. Interphase properties
4. Filler size

Remarks concerning Point 1
Since the yield stress of HDPE is closely related to the overall crys-

tallinity and the lamellae thickness of the crystallites [20], these two
parameters have to be investigated with respect to filler content. This
has already been studied for the investigated material systems in
Lehmann et al. [21]. It has been found that no significant changes
occur in the overall crystallinity, and that no changes occur in the
lamellar crystallite thickness. Eventually, it can been assumed that
no changes in the bulk material occured due to the incorporation of
the filler, or to be more precise, the mechanical response is unaffected
with respect to filler type and content. The changes occurred only in
the vicinity of the filler by formation of an interphase.

Remarks concerning Point 2
The properties of particle-filled polymers are strongly affected by

the interface and=or interphase, whose properties should generally
be adjusted for an improvement of the mechanical properties of the
composite. For this purpose, the interaction between the phases is
evaluated in a first step by studying the free surface energies of the
components. From this property, a conclusion can be drawn with
respect to the adhesion between the phases.

The calculation of the adhesion parameters such as the thermodyn-
amic reversible work of adhesion Wmf and the interfacial free energy
cmf, represented in Eqs. (15) and (16) respectively [22], enables a pre-
diction of the strength at the filler=matrix interface and to correlate
them with the mechanical properties of the composite.

Wmf ¼ cf þ cm � cmf ð15Þ

cmf ¼ cf þ cm � 2ðcd
f � cd

mÞ
1=2 � 2ðcp

f � c
p
mÞ

1=2 ð16Þ

where subscripts of the surface energies c mean m ¼ matrix and
f ¼ filler. The relationship indicates the desired optimum conditions:
thermodynamic work of adhesion as maximal and interfacial free
energy as minimal (tends to zero) [22].
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The free surface energies of the fillers have been evaluated from
contact angle measurements. The results are shown in Table 1. The
free surface energy of linear HDPE is well-known and has been taken
from the literature [23].

The obtained surface energies can be evalulated with respect to
Eqs. (15) and (16). The adhesion parameters are displayed in
Table 2. The surface treatment increased the work of adhesion
value considerably, implying that stronger interactions are likely to
occur at the interface in these composites. With regard to the revers-
ible work of adhesion, the conclusion should be that the debonding
of untreated compared to treated particles should happen at lower
forces.

The matching of the surface energies may not be enough to provide
improved composite properties, as no chemical bonds may form
between the matrix molecule and the grafted polymer on the surface
of the filler. Therefore, the only way to allow a load transfer between
matrix and filler is to establish a highly entangled molecular network
between the grafted polymer and the matrix molecules [24]. Of course,
this option is missing for the untreated filler particles, but adsorbed
matrix molecules should act in the same way. In the following, the

TABLE 1 Overview of Filler Surface Energies Compared to the Matrix
Materials

Materials HDPE SiO2 as received SiO2-g-PS SiO2-g-PMMA SiO2-g-PEA

ca [mJ=m2] 35.7b 82.5 20.8 19.8 39.8
cd

c [mJ=m2] 35.7 1.4 7.5 4.5 3.1
cp

d [mJ=m2] 0 81.1 13.3 15.3 36.7

aSurface free energy.
bData from source [23].
cDispersive component of surface free energy.
dPolar component of surface free energy.

TABLE 2 Overview of the Adhesion Parameters

Adhesion parameters [mJ=m2]

Composite Work of adhesion Wmf Interfacial free energy cmf

HDPE=SiO2-as received 14 104
HDPE=SiO2-g-PS 33 24
HDPE=SiO2-g-PMMA 25 30
HDPE=SiO2-g-PEA 21 54

Models of Properties of Nanoparticle-Filled Polyethylene 91

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



discussion with respect to the molecular weight is also valid for the
adsorbed matrix molecules.

The chain entanglement criterion for the maximum in load-bearing
capability is the critical molecular weight Mc, which needs to be
exceeded [24–26]. When the Mc requirement is fulfilled, and if there
is a maximum of interdiffusion of the two polymers, namely the matrix
molecules and the grafted polymer, then the interphase becomes
largest and strongest [24].

In case of little interdiffusion, then a weak interphase is formed.
This is the case for immiscible blends, where an interphase boundary
layer of 2 nm is generally found. Other, stronger types of interphase
boundary layers are in the range of approx. 4–60 nm. In comparison,
the typical radius of gyration of a polymer chain is in the range of
5–35 nm [27].

Another prerequisite for the formation of an entanglement network
between the grafted polymer on the filler surface and the matrix is at
least a minimum of miscibility. However, miscibility strongly depends
on specific sets of conditions, namely the configuration of the poly-
meric molecules, molecular weight and molecular weight distribution,
temperature, pressure, stress field, and additives [27]. This certainly
explains why no literature results have been found on the miscibility
and the required Mc for the development of a good entanglement
network between grafted and matrix polymer.

Typical entanglement number-average molecular weights Mc in the
literature range from 1.500 to 18.000, depending on the polymer [28].
However, no values for Mc have been found for polymer chains
anchored at one end, used for surface modification, namely PS, PMMA
and PEA. In Table 3, the molecular weights of the grafted surface
molecules on the surface of the fillers used for the preparation of the
HDPE nanocomposites, are shown. Thus, the assumption that the
molecular weights of both matrix and grafted polymer are probably
higher than the required Mc can only be verified by several experi-
mental evidences.

It has been found that the interphase thickness, at least of the
HDPE composites, is in the range of 3–19 nm [18]. This is considerably
larger than the typical interphase thickness of immiscible polymer
blends (�2 nm) and thus can be regarded as evidence for a strong
interphase interaction with load-bearing capability. The good
adhesion of the particles to the matrix has also been confirmed by frac-
tography of impact and tensile specimen [17,29–31]. Therefore, the
assumption of a strong interaction is confirmed and can be described
in the FE-model by a rigid connection, i.e. joining of the nodes of the
interphase with the matrix.
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Remarks concerning Point 3
As already discussed in the section on the FE-model, the interphase

content and mechanical properties are input parameters.
The interphase content has been analyzed by various methods in a

previous work. Results indicated, that the interphase volume content
is in the range of 0.25% (by DMTA) up to 0.8% (by TEM) for all filler
types- and contents [18].

With respect to the mechanical properties, it has already been
pointed out that it is impossible to determine the yield strength (or
debonding stress) of the interphase, especially, if the filler size is in
the nanometer range and the adhesion between the matrix and the fil-
ler is good. The only alternative is the consideration of the interphase
modulus. Various models exist for the evaluation of the interphase
modulus, but the one from the van der Poel model seems to be the most
promising, due to the analytical approach. However, the application
here has proved to be unsuccessful, because the interphase modulus
and interphase content values were unrealistically high.

Remarks concerning Point 4
From the TEM investigations of the material systems, it has been

found that the agglomerate size is in average around 100 nm [18]. This
size has been used for modelling the properties. Exemplary represen-
tative microstructure of the composites is shown in Figure 4.

The analysis of the impact factors indicates that the chosen discrete
modelling approach is reasonable. The experimental results, namely
the yield strength with respect to filler content, of HDPE nanocomposites
with the differently treated nanoparticles are plotted in comparison to

TABLE 3 Overview of Filler Surface Treatment. Molecular Weights of
Grafted Polymers. Data from Fillers used for the Preparation of HDPE-
Nanocomposites

Mw Mn

ID Description
Percent

Graftinga
Grafting

Efficiencyb
Grafting
Polymer

Homo-
Polymer

Grafting
Polymer

Homo-
Polymer

1 SiO2-g-PS 8.7 56.8 2.8� 104 5.6� 104 1.0�104 4.1�104

2 SiO2-g-PMMA 12 60 7.2� 103 5.8� 103 5.2�103 4.2�104

3 SiO2-g-PEA 9.4 54.3 4.3� 104 3.0� 104 2.7�104 1.2�104

4 SiO2-as-received – – – – – –

aPercent grafting: Weight of grafting polymer=weight SiO2.
bGrafting efficiency: Weight of grafting polymer=weights of grafting polymer and

homopolymer.
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the results from the FE-model in Figure 5. The results from the FE-model
have been derived by modelling the system with different interphase
volume fraction, interphase modulus and filler fraction. The modelling
has been concluded after reaching a good agreement between the model
prediction and the experimental data.

FIGURE 5 Comparison of experimental values of the HDPE nanocomposites
(symbols), with calculated values for a given interphase fraction. The inter-
phase modulus En and volume fraction n of the calculated curves, which fit
the experimental data, are shown in the legend.

FIGURE 4 Exemplary picture of the microstructure of the material
HDPE-SiO2-g-PEA, 1 wt% (by transmission electron microscope).
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However, at particle contents above 2 vol%, the agreement between
the predicted and the experimental values declines. The only
reasonable explanation for this behavior must be the existence of
agglomerates, which acted as flaws in the material and eventually
led to the decline in material strength.

The HDPE-SiO2-as-received composite material shows a good
agreement for an interphase content of 2.8% and an interphase modu-
lus of 3.200 MPa. Also, for the nanocomposites HDPE-SiO2-g-PS and
HDPE-SiO2-g-PMMA, the predicted values fit for an interphase frac-
tion of 0.8% and an interphase modulus of 3.200 MPa. In case of the
HDPE-SiO2-g-PEA nanocomposite, the prediction matches the experi-
mental data for an interphase volume fraction of 0.8% with an inter-
phase modulus of 500 MPa.

All in all, the predicted interphase contents fit very well with the
experimentally determined interphase volume fractions, which lies
between 0.25 and 0.8 vol% for all nanoparticle treatments [18,32]. A
large difference can be observed for the system HDPE-SiO2-as
received, which could not be explained until now.

The predicted interphase modulus of 3.200 MPa fits very well with
the bulk elastic modulus of PS and PMMA. It is for both cases in the
range of 3.200 MPa, varying slightly with polymer type [33]. Unfortu-
nately, for the grafted polymer PEA no literature data on the modulus
has been found, probably because the glass transition temperature of
PEA is around �7�C [34], making the comparison of the predicted
modulus basically impossible. The interphase modulus of the system
HDPE-SiO2-as received with 3.200 MPa seems to be too high because
the interphase should be amorphous PE. Along with the deviation
in interphase content, the different reinforcing effect of the filler
SiO2-as received has to be investigated in more detail.

A verification of the predicted moduli may be possible in two ways.
One way is the analysis of the material through nanoindentation
experiments, by placing indents across nanoparticle agglomerates.
However, this approach has already been pursued without success [21].

The other way is a detailed analysis of the composite modulus with
models, taking the interphase into account. As already mentioned, the
elaborated method of van der Poel [7] should provide the best solution.
However, neither the moduli from the DMTA spectrum of the compo-
sites nor the tensile composite moduli could be matched with realistic
values for the interphase modulus and content.

In order to derive a better understanding of the developed FE-
model, the solution space has been compared to similar models, one
being empirical (from Pukanszky et al.) and one being analytical (from
van der Poel).
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The solution space of the FE-model is shown in Figure 6 in a
contour plot, for a constant filler content u ¼ 0.5%. The height lines
give the relative yield strength of the composite with respect to the
interphase content and modulus. For interphase moduli below the
matrix modulus of 1.100 MPa, changes in interphase content play a
minor role. The stresses around the filler are relieved as a result of
the soft interphase anyway. If the modulus of the interphase increases
above the matrix modulus, then the interphase content dominates the
composite yield strength. This is due to the fact that the stresses
around the filler are shifted to larger radii, so that the stiff interphase
eventually bears the load. This background story has been found for
the linear elastic material combination long ago [35] and is not chan-
ged considerably due to the large plastic deformation of the matrix.

This is confirmed by the comparison of the FE-solution with the
linear elastic solution of the extended van der Poel model. In Figure 7,
the contour plot of this analytical model is shown for a filler content
of u ¼ 0.5% with the variables interphase modulus and content. The
height lines give the relative composite modulus or can also be inter-
preted as the relative yield strength of the composite for a fixed strain.
Compared to the solution of the FE-model, the similarity is obvious.
Due to the linear elastic solution of the van der Poel model, the influ-
ence of the interphase modulus and content is relatively equal in

FIGURE 6 Contour plot showing the FE-solution for a filler content u of
0.5 vol%. The relative yield strength of the composite ry is plotted as height
line depending on the parameters interphase modulus En and interphase
content n.
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impact on the composite property. Thus, both models yield the same
information, the solution space is congruent. The linear elastic
case of the van der Poel model finds its extension in the non-linear
FE-model.

FIGURE 7 Contour plot showing the solution of the extended van der Poel
model for a filler volume content u ¼ 0.5%. The height lines correspond to
the standardized composite modulus or can also be interpreted as the com-
posite yield stress for the linear elastic case.

FIGURE 8 Contour plot showing the solution of the semi-empirical
Pukanszky Model for a filler volume content u ¼ 0.5%.
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In this context, it seems fit to contrast these solutions with an
empirical approach (the one from Pukanszky). In Figure 8 the contour
plot, containing as height line information, the composite yield
strength is shown. The independent variables are the interphase con-
tent and the interphase yield strength. In this case, the interphase
yield strength can be compared to the interphase modulus. A compari-
son with the discrete FE-solution and the analytical solution shows
again that the solution space is congruent. This outcome is unexpected
because the empirical model has been derived with a completely differ-
ent approach. Nonetheless, the solution explains the success of the
empirical model because it has a similar solution space compared to
analytical and discrete models.

CONCLUSION

HDPE nanocomposites have been manufactured with differently
treated nano-SiO2. The nanofiller has been used in unmodified and
modified form. The nanofiller characteristics were changed by grafting
polymers onto the surface, i.e. PS, PMMA and PEA. It was verified
that the surface modification led to a good adhesion of the filler to
the matrix. The results of previous material investigations on changes
in the matrix and the interphase properties have been considered
in the model. Additionally, for both matrix, materials and the filler
variations, mechanical tensile data have been gathered for low filler
volume fractions, typically being smaller than 3 vol%.

The microstructure has been modelled by an FE-model which con-
sidered the microstructure, namely the nanoparticle, the interphase
and the matrix material. The deformation of the matrix material
and the composite has been modelled up to the yield point.

The predicted material properties matched the experimental values
very well. In case of the surface modified nanofillers, the predicted
values of the interphase volume fraction and the interphase modulus
matched the experimental data closely. Only in the unmodified case
did the values deviate from the experimentally determined ones.

Additionally, the solution space of the FE-model has been compared
to an empirical and an analytical model with similar input and output
parameters. The empirical model uses the interphase yield strength
instead of the interphase modulus, but in first approximation this
parameter yields similar information. Apart from this parameter,
the difference with the discrete models is negligible. The analytical
model is essentially the same as the discrete model developed in this
work. The exception stems from the linear elastic solution in the
analytical case and the linear elastic-plastic solution in the FE-model
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case. All in all, it was found that the solution space in all cases was
congruent.

This result confirms that the finite element approach is sound and
has to be elaborated in the future.
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[2] Pukanszky, B., Tüdos, F., Jancar, J., and Kolarik, J., Journal of Materials Science

Letters 8, 1040–1042 (1989).
[3] Jancar, J. and Kucera, J., Polymer Engineering and Science 30 (12), 707–713

(1990).
[4] Jancar, J. and Kucera, J., Polymer Engineering and Science 30 (12), 714–720

(1990).
[5] Vörös, G. and Pukanszky, B., Journal of Materials Science 30, 4171–4178 (1995).
[6] Pukanszky, B., Composites 21 (3), 255–262 (1990).
[7] Maurer, F. H., Zur Beschreibung des elastichen und viscoelastischen Verhaltens

teilchengefuelleter Verbundwerkstoffe mit einer Zwischenschieht, Ph.D. thesis,
Duisbirg, Germany (1983).

[8] Nielsen, L. E., J. Appl. Polym. Sci. 10, 97–103 (1966).
[9] Nicolais, L. and Nicodemo, L., Intern. J. Polymeric Mater. 4, 229–243 (1974).

[10] Leidner, J. and Woodhams, R. T., J. Appl. Polym. Sci. 18, 1639–1654 (1974).
[11] Bigg, D. M., Polymer Composites 8 (2), 115–122 (1987).
[12] Vollenberg, P. H. T., The mechanical behaviour of particle filled thermoplastics,

Ph.D. thesis, Eindhoven, Dissertatiedrukkeirij Wibro, Holland (1987).
[13] van der Poel, C., Rheologica Acta 1 (2–3), 198–205 (1958).
[14] Kerner, E. H., Proc. Phys. Soc. B69, 808 (1959).
[15] Takano, Y. and Sakanishi, A., Journal of Applied Physics 44 (9), 4023–4024 (1973).
[16] Takano, Y. and Sakanishi, A., Journal of Applied Physics 45 (6), 2811 (1973).
[17] Rong, M., Zhang, M., Zheng, Y., Zeng, H., Walter, R., and Friedrich, K., Polymer 42,

167–183 (2001).
[18] Lehmann, B., Rong, M. Z., Zhang, M. Q., and Friedrich, K., Interphase charac-

terization of low nano-filler loaded HDPE, in preparation
[19] Schrauwen, B., Janssen, R., Govaert, L., and Meijer, H., Macromolecules 37,

6069–6078 (2004).
[20] Crist, B., Fisher, C. J., and Howard, P. R., Macromolecules 22, 1709–1718 (1989).
[21] Lehmann, B., Sustacha, J., Schlarb, A. K., Zhang, M. Q., and Rong, M. Z., Micro-

structural analysis of SiO2=polyethylene nanocomposites on a local and macroscopic
scale, submitted to Journal of Composite Science and Technology.

Models of Properties of Nanoparticle-Filled Polyethylene 99

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



[22] Mittal, K. L. (1975). Surface chemical criteria for maximum adhesion and their
verification against the experimentally measured adhesive strength values. In
L.-H. Lee, Ed., Adhesion science and technology: Proceedings of the American
Chemical Society Macromolecular Symposium on Science and Technology of
Adhesion, pp. 129–171. Plenum Press, New York.

[23] van Krevelen, D. W. (1990). Properties of Polymers, p. 238 Elsevier Science
Publisher, Oxford.

[24] Sperling, L. H. (1998). Polymeric Multicomponent Materials: An introduction, John
Wiley & Sons, New York.

[25] Benkoski, J. J., Fredrickson, G. H., and Kramer, E. J., Journal of Applied Polymer
Scienc: Polymer Physics Edition 40, 2377–2386 (2002).

[26] Gorga, R. E. and Narasimhan, B., Journal of Polymer Science: Part B: Polymer
Physics 40, 2292–2302 (2002).

[27] Utracki, L. A. (1998). Commercial polymer blends, Thomas Science, Weinheim.
[28] Wu, S., Polym. Eng. Sci. 33 (5), 289–292 (1993).
[29] Wu, C. L., Zhang, M. Q., Rong, M. Z., and Friedrich, K., Composites Science and

Technology 62, 1327–1340 (2002).
[30] Rong, M., Zhang, M. Q., Zheng, Y., Zeng, H., and Friedrich, K., Polymer 42 (7),

3301–3304 (2001).
[31] Zhang, M. Q., Rong, M. Z., Zhang, H. B., and Friedrich, K., Polym. Eng. Sci. 43 (2),

490–500 (2003).
[32] Lehmann, B., Friedrich, K., Zhang, M. Q., and Rong, M. Z., Interphase characteriza-

tion of low nano-filler loaded HDPE, Proc. EP-Conference, Lanzhou, China, 2004, p. 99.
[33] Carlowitz, B. (1995). Kunststoff-Tabellen, Hanser Verlag.
[34] Olabisi, O. (1997). Handbook of thermoplastics, Marcel Dekker.
[35] Pompe, W., Voellmar, S., and Weiss, H. J., Plaste und Kautschuk 21 (9), 664–667

(1974).

100 B. Lehmann et al.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
1
5
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1


